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Machine learning electron-phonon interactions in two-dimensional semiconducting materials:
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We utilize first-principles theory to investigate the role of electron-phonon interactions within a dataset
of monolayer materials. Using density functional theory to describe excited-state transitions and the special
displacement method to describe the role of phonons, we analyze the relationship between simple physical
observables and electron-phonon coupling strength. For over 100 materials, we compute the band gap renor-
malization due to zero-point vibrational (ZPR) motion as a measure of electron-phonon interactions and train
a machine learning model based on physical parameters. We demonstrate that the strength of electron-phonon
interactions is highly dependent on the band gap, dielectric constant, and degree of ionicity, all of which can be
physically justified. We then apply this model to 1302 2D materials, predicting the ZPR, which for five randomly
selected materials tested agree well with the first-principles predictions. This work provides an approach for
quantitatively predicting the ZPR as a measure of electron-phonon interactions in 2D materials.
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Introduction. Due to their reduced dimensionality and
screening environment, electron-phonon (EPH) interactions
in two-dimensional (2D) materials can be particularly am-
plified [1–6]. These interactions can be exploited for techno-
logical applications [7–10] or may need to be minimized for
improved material functionality (i.e., improved mobility [11]).
As such, understanding the microscopic origins of EPH inter-
actions is crucial for comprehending the functional behavior
of 2D materials. Developing a physical intuition for EPH is
difficult because of the structural and electronic complexity of
these materials. First-principles theory can, in principle, accu-
rately describe EPH [12–31]. However, first-principles theory
is limited to studying a few materials systems because of the
computational cost, and thus, it is difficult to systematically
study a series of materials.

Machine learning (ML) can aid in the prediction of EPH
and its impact on materials properties by extracting phys-
ical intuition and providing quantitative models based on
data [32,33]. ML has been particularly relevant for predicting
new superconductors, for which the magnitude of the EPH
coupling element determines the expected superconducting
temperature [34–37]. For hybrid metal-organic perovskites,
another class of materials for which EPH interactions play a
key role, ML has been utilized to understand the relationships
between atomic vibrations with the excited-state lifetime [38],
degradation [39], and thermoelectric performance [40].
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In this study, we combine the special displacement method
(SDM), a recently formalized approach for including EPH in-
teractions [16,30] with an extra random tree (ERT) ML model
to understand key descriptors associated with electron-phonon
interactions, and specifically band gap renormalization, in 2D
materials. The SDM is a relatively simple approach that de-
scribes transitions among coupled electron-nuclear quantum
states in the adiabatic approximation, allowing the genera-
tion of greater than 100 datapoints to train the model, while
ERT provides an ML model that is robust against overfitting
of small datasets, and has been applied to materials data
previously [41].

We extract 128 materials from the MC2D database [42]
and study the zero-point renormalization (ZPR) of the band
gap computed within density functional theory (DFT) as a
measure of EPH interactions. In order to understand the re-
lationship between physical observables and ZPR, we build
an ERT model fit with nine features that are motivated by
physical observables, and analyze the most important features
using a SHAPley analysis [43], a model explainability tech-
nique that quantifies how individual features of each material
impact the ZPR. Similar models have been applied for other
materials applications [41,44–48] because of the robustness
of random forest models and SHAPley analysis, but this is
the first such application to electronic structure that we are
aware of. We apply this model to 1302 materials from the
C2DB database [49], producing a list of predicted ZPR that
we expect to provide qualitatively accurate trends.

Results. In the SDM, the effect of EPH coupling is in-
corporated in ab initio calculations by displacing the nuclei
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away from their static-equilibrium positions. As described in
Refs. [16,30], the influence of phonons is incorporated into the
atomic structure of the material and an excited-state approach
is applied to describe the averaged temperature-dependent
excitation. The special displacements [30] are a linear
combination of the phonon eigenvectors with coefficients de-
termined by the associated mean square displacements of
the atoms. Previously [50,51], we applied the SDM to un-
derstand the impact of phonons on excitonic properties of
low-dimensional materials.

The ZPR of the energy levels obtained using SDM is
equivalent, up to second order in normal coordinates, to
the perturbative expression derived from the adiabatic Allen-
Heine theory (see Methods of [52]). The renormalization of
band energies is derived as [17,53],

�εn =
∑

m �=n,ν

[ |gmn,ν |2
εn − εm

+ 1

2
hnν

]
l2
ν , (1)

where n, m are indices for the electron states with ener-
gies εn, εm. The zero-point displacement amplitude associ-
ated with the phonon mode of frequency ων is given by
lν = [h̄/(2M0ων )]1/2, where M0 represents the proton mass.
The Fan-Migdal and Debye-Waller EPH matrix elements are
represented by gmn,ν (g hereon) and hnν and can be computed
as

gmn,ν = 〈um|∂vKS

∂xν

|un〉, hnν = 〈un|∂
2vKS

∂x2
ν

|un〉. (2)

Here, vKS is the Kohn-Sham (KS) potential, xν are the normal
mode coordinates, and |um〉, |un〉 are the cell-periodic part
of the electron eigenstates. We stress that since the SDM
relies on nonperturbative supercell calculations, higher-order
EPH self-energy corrections are included automatically in the
evaluation of the ZPR. However, the SDM misses corrections
arising from nonadiabatic effects [54], long-range Fröhlich
couplings [20,55], and the tadpole self-energy due to the
formation of polarons [56,57]. Fröhlich electron-phonon cou-
plings within ionic materials, in particular, are only captured
partially within the SDM due to the finite size of the supercell.
However, we expect this problem to be less significant in 2D
materials where computing Fröhlich electron-phonon matrix
elements do not require fine phonon samplings [58]. This is
confirmed by direct calculations of the temperature-dependent
bandgap renormalization in monolayer MoS2, for which the
SDM yields very good agreement with experiment [30].

The goal of this study is to understand Eq. (1) without the
calculation of expensive first-principles quantities. By inspec-
tion of Eq. (2), we can qualitatively determine the physical
parameters that are important for band gap renormalization.
In particular, the strength of the EPH coupling depends on
the electronic screening and on the amplitude of the atomic
vibrations. In turn, these quantities scale with the dielectric
constant, atomic masses, and phonon frequencies. In fact,
atomic masses and mean phonon frequencies have recently
been shown to correlate with zero-point renormalization for
18 inorganic compounds [31]. We also expect that the ionicity
of bonds will impact the polar EPH coupling and to also
contribute to the dielectric constant. While the EPH coupling
strength is expected to scale with these physical parameters, as

FIG. 1. Dependence of the ZPR on (a) DFT-PBE gap, (b) in-
plane electronic dielectric constant, and (c) ionicity. Linear fit to the
data is shown via a red line with twice the standard deviation of
the residual error associated shown in the shaded region. The slope
of the fitted line is 0.06, 0.72, and 0.09 for (a)–(c), respectively.
(d) Atomistic geometries of a few representative systems in the
training database as shown in Table I.

the material complexity increases, the interplay between these
parameters is not clear, e.g., the case of compound semicon-
ductors. In addition, this physical intuition does not provide
quantitative trends, motivating the following data driven
approach.

Figure 1 displays the correlation between three physical
parameters and ZPR for the full dataset of materials stud-
ied computed within the Quantum Espresso package [59–62]
employing the Perdew, Burke, and Ernzerhof (PBE) [63]
exchange-correlation functional. We find a positive correla-

TABLE I. Relationship between ZPR and physical features de-
fined in the text for five randomly selected materials from Ref. [42].
Qualitative correlation between features and ZPR for these materials
are noted.

As4 HfS2 MgBr2 MgI2 Mg(OH)2 Correlation with ZPR

ZPR [eV] 0.025 0.030 0.15 0.20 0.42 –
Eg [eV] 0.74 1.25 4.79 3.62 3.33 Positive

ε2D∞ [ε0] 22 9.9 3.6 4.7 2.1 Negative

N [1/Å2] 0.23 0.26 0.23 0.20 0.57 Uncorrelated

ρ2D [amu/Å2] 17.2 21.3 14.2 18.6 6.7 Uncorrelated

M [amu] 74.9 80.9 61.4 92.7 11.7 Negative

�χ 0 1.28 1.65 1.35 2.13 Positive

�Z∗ [qe] 0 10.0 3.7 3.8 3.5 Uncorrelated

ω [cm−1] 82 205 99.5 71 277 Uncorrelated

ω1 [cm−1] 83 206 100 71 278 Uncorrelated
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tion between the ZPR and equilibrium structure gaps with a
slope of 0.06 [Fig. 1(a)], indicating that the gap is on-average
reduced by 6% due to the presence of phonons. Within the
Penn model, the average band gap (〈Eg〉) and the static dielec-
tric constant (ε) share an inverse relationship [64,65]; thus,
we may expect this correlation to the gap will lead to an
inverse relationship to ZPR as is shown in Fig. 1(b). For weak
screening materials, ε < 4, the renormalization is significant,
consistent with the expectation that electronic screening is one
of the dominant physical variables that influences the magni-
tude of the zero-point renormalization in 2D materials. For
mid-range values of epsilon (∼2.5 − 5ε0), there is significant
scatter away from the inverse relationship, suggesting that
other physical variables become can dominate for materials
with low electronic polarizability. In Fig. 1(c), a weak positive
relationship can be seen between the ZPR and ionicity as
measured by the difference in electronegativities (�χ ). The
Pearson correlation parameter, which ranges form 1.0 (for a
perfect positive correlation) and zero (no correlation), allows
us to quantify these relationships. The Pearson coefficients are
0.47, 0.51, and 0.33 for Eg, 1

ε
, and �χ , respectively, indicating

an imperfect correlation.
To better understand the relationship between simple phys-

ical parameters and renormalization, we consider the five
structures shown in Fig. 1(d) in detail. We define nine param-
eters in Table I that we expect to impact the renormalization
based on Eqs. (1) and (2) as explained earlier. We prioritize
features that are relatively easy to compute.

(1) Eg: Calculated band gap of a material without phonon-
induced renormalization.

(2) ε2D
∞ : Calculated mean in-plane electronic dielectric

constant of the material.
(3) �χ : Maximum difference in the Pauling electronega-

tivity between any two atoms in the system.
(4) �∗

Z : Maximum difference in Born effective charges
between any two atoms in the system.

(5) N : Number of atoms per area.
(6) ρ2D: Total mass of atoms per area.
(7) M: Mean atomic mass of the system.
(8) ω: Mean phonon frequency of the system.
(9) ω1: Lowest energy optical phonon frequency at q = 0.
We consider both �χ and �∗

Z because they are both a
measure of ionicity with different advantages. While Born
effective charges describe the atoms within their solid-state
environment, they must be calculated from first-principles; on
the other hand, Pauling electronegativities are defined for in-
dividual atomic species and are available from a table lookup.
We also consider different measures of density: N and M.

As shown in Table I, there is some trend between ZPR and
the physical parameters considered. Overall, there looks to be
either a correlation or inverse correlation between ZPR and
Eg, ε2D

∞ , M, and �χ . For example, in As4, a covalently bound
material, the bandgap is 0.75 eV and ZPR is 0.04 eV, which
is consistent with the expectation that a small band gap and
lack of ionicity leads to lower EPH interactions. HfS2 also
shows a small ZPR (0.02 eV) even though it is somewhat ionic
(�χ = 1.28) with a larger band gap than As4 (1.25 eV).
While their dielectric constants are nearly equivalent, there
is a significant difference in the maximum electronegativity
difference across atoms within these materials. This suggests

(a)

(b)

(c)

FIG. 2. (a) ML workflow. (b) ERT train and test set accuracy
and feature-dependent SHAP values averaged over all materials. The
∼95% confidence interval is shown in the shaded region, represented
as twice the standard deviation of the residual error. The value for
this interval is 60 meV. (c) Violin plot of feature-dependent SHAP
values per material. The SHAP value in (b) can be interpreted as the
average contribution of each feature to the final ZPR, while the violin
plot displays the contribution for each material and illustrates (anti)
correlation of the feature with ZPR.

that the sensitivity of the ZPR to differences in electroneg-
ativities is not uniform and is likely a nonlinear relationship.
This is consistent with other physical variables such as exciton
absorption and relative contribution of indirect transitions that
depend strongly on the electronegativity difference only over
a small range of this difference (<0.2) [66]. For Mg(OH)2,
with a DFT band gap of 3.33 eV, a significantly larger ZPR
of 0.59 eV is predicted. This material displays some degree
of ionicity, a very small mean in-plane dielectric constant
(ε ∼ 1), and small mass density. MgBr2 and MgI2 have a
larger gap but smaller degree of ionicity than Mg(OH)2, with
a significantly larger mass density, and a significantly smaller
predicted ZPR. Overall, the interdependence of these physical
features make it difficult to quantify the relationship between
physical parameters and EPH interaction strength as repre-
sented by the ZPR.

The workflow for our ML approach is shown in Fig. 2(a).
The input DFT data is taken from the work of Mounet and
colleagues [42], the SDM is applied, an ML model is fit
to the data, and feature importance analysis provides the
relationship between physical material properties and renor-
malization. The model and all predictions can be found in
Ref [67].

We utilize the ERT ensemble model with details described
in the SM [68]. This ensemble of decision trees is constructed
by training individual trees across the entire train data set, but
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each point at which a given feature is split is decided randomly
instead of per an optimization algorithm [69]. However, by
their nature using a single tree is susceptible to overfitting
[69,70] where small changes in the input data can produce
significantly different trees and thus models that do not gen-
eralize well to different sets of input data, which can be
alleviated by use of ERT. This is particularly important for
small datasets as we have here. Indeed, when we attempted
to use a similar spread of methods, we found ERT ensemble
models performed best in our use case as well, producing pre-
dictive models with a lower ratio between test and train MSE
indicative of lower overfitting while maintaining acceptable
predictive power. In addition, there is precedent for using such
models in similar materials science use cases [41,71–74].

For our model, 80% of the data is used for training and
20% for testing, with the data shown in Fig. 1(b). Figure 2(b)
demonstrates the ERT models’ predictive capabilities with
comparison of the predictions against ground truth. The re-
sulting train root mean square error (RMSE) is 30 meV, with
a train score of ∼0.9, while the test RMSE is 43 meV. Addi-
tionally, we note that the 95% confidence interval band of the
resulting fit is ∼60 meV, i.e., 95% of our predictions lie within
this energy distribution to the target value. We consider this
value quite narrow given the limitations of our dataset. See
SM Secs. IV and V for convergence and accuracy of the ERT
model [68].

We note that one metric suggesting that our model has
overfitting behavior is the train/test MSE as discussed in the
SM [68] and References therein [75]. Theoretically, this ratio
should ∼1 as the model learns the relationship present in the
data without learning the bias of any particular sample of the
data, but our ratio of ∼2.1 suggests predictive performance
is stronger on training than holdout data, indicating the bias
of our training data is present in the model. However, as
discussed in the SM, we utilized hyperparameter optimization
to minimize this overfitting problem.

Figure 2(b) shows the most significant independent vari-
ables that play a role in the training of the model via a
violin plot. Since ensemble tree models are not intrinsically
interpretable [76], we choose to use SHAP (Shapley addi-
tive explanations) values as an extrinsic tool for statistical
interpretability [43,77]. SHAP has been recently utilized to
understand structural features that lead to electrocatalysis in
N-doped carbon materials [44] and the electronic structure
of graphene oxide [78]. Briefly, SHAP trains a given model
with every permutation of input features and generates pre-
dictions on the data. SHAP then compares the changes in
output value when a feature is included versus when not
included, calculating the marginal feature contributions and
weighs these contributions across every instance of feature
inclusion/exclusion. This analysis is sensitive to the number
of trees included in the ERT, so we increase the number of
trees until we obtain a consistent SHAPLey analysis.

The SHAP value for each feature can be negative (re-
ducing the ZPR) or positive (increasing the ZPR). The most
significant four predictors of ZPR and their contributions to
the ZPR on average are found to be as follows: (1) DFT
gap (34 meV); (2) dielectric constant (18 meV); (3) ionicity
as determined from Pauling electronegativies (17 meV); and
(4) average mass (15 meV). Interestingly, the difference in

electronegativities is significantly more correlated with ZPR
than Born effective charges (�∗

Z ), although both are meant
to capture the ionicity of bonds. This is surprising because
the Born effective charges are expected to capture the details
of ionic polarization more accurately. Additionally, the first
optical or averaged optical phonon frequencies contribute al-
most the exact same amount to the ZPR, both being much
less significant than the average mass of atoms. While phonon
frequencies are related to the inverse of the reduced mass, the
mass also plays a role in the electronic structure and hence,
may be the more important feature.

Figure 2(c) shows the violin plot of the SHAP value for
every material used in the training of the ML model, with
the relative value of the feature shown in the color bar. From
this plot, we see visually the correlations between physical
parameters and ZPR as determined by the ML model. Here,
blue (red) indicate a low (high) feature value, for the positive
or negative contribution on the ZPR prediction indicated along
the plot’s y-axis. We find that the SHAP relationships follow
the physical intuition discussed above. For example, a larger
gap (indicated by red Eg values) leads to a larger positive
contribution to ZPR (positive along the y-axis), while smaller
gap values (blue Eg values) lead to a negative contribution
to the ZPR (negative on the y-axis). Ionicity represented by
�χ shows similar behavior to the gap while ε2D

∞ inversely
correlates; i.e., as the dielectric constant increases, the contri-
bution to ZPR goes towards negative values. Similarly, while
phonon frequency correlates with the ZPR, the mass inversely
correlates as expected. We also tested LASSO-LSF approach
[79] to combine our features into one feature vector and did
not find considerable improvement in the accuracy of the
model. However, we note that the important feature vectors
predicted by LASSO-SF are consistent with our ERT-SHAP
analysis (see SM Sec. IIIC) [68].

We use the fact that many of the features are interde-
pendent to select fewer, easily calculable features to develop
a more easily applicable model, extending the potential of
our model for material search. We consider only Eg, N , M,
�χ , and M and refit our model with only the gap calculated
from DFT. As for the full model, we use cross-validation
to select optimal parameters, and validate the model on an
80–20 train-test split. The refit model applied to 113 mate-
rials results in slightly higher RMSE (train: 53 meV; test:
45 meV) but a reduction in overfitting (test/train ratio ∼0.7).
We then applied these optimally selected parameters and re-
trained our model with the original data set plus 15 additional
high-gap materials, taken from the C2dB database [49,80] to
address the model’s deficiencies in the very high (> 0.5) ZPR
range. Finally, we applied this model to predict the ZPR for
∼1302 2D materials from C2dB (see Ref. [68] and supporting
documents).

We test the ML prediction by comparison to DFT/SDM-
predicted ZPR for five randomly selected materials: CaCl2,
Ge2O2, InGaS2, SbSeBr, and ZrSSe. As shown in Table S3
and Fig. 3(b), the ML predicts low ZPR values in excellent
agreement with PBE. For the more strongly renormalized
materials, CaCl2 and Ge2O2, the ML model underestimates
ZPR because of the sparsity of data at those higher values,
leading to a less accurate description. Importantly, the trends
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FIG. 3. (a) Predicted ZPR as a function of DFT-PBE bandgap for
1302 materials from the C2DB database. (b) Comparison of ML and
DFT-predicted ZPR five randomly selected materials studied.

among the five materials are well predicted by the ML, indi-
cating that our model provides a good estimate of different
renormalization regimes for little computational cost just by
knowing simple physical parameters. We expect that this is
particularly significant in distinguishing materials within high
and low electron-phonon coupling regimes.

In summary, we presented a high-throughput study of the
band gap ZPR within 2D materials, utilizing the special dis-
placement method to calculate ZPR at low computational cost.
We trained an ERT model on physically motivated proper-
ties of the materials in the database in order to analyze the
relative importance of different physical observables for the
prediction of ZPR and found that the bandgap, in-plane dielec-
tric constant, degree of ionicity, and average mass of atoms
are the most significant features. Additionally, we trained a
reduced-feature ERT model, trained only on features that re-
quire either no calculation or an inexpensive DFT calculation
on a unit cell. This is important because the model can be
applied to large databases of materials in order to differentiate
regimes for renormalization for high-throughput screening,

something that would not be possible from first-principles.
This enables the identification of materials demonstrating ex-
ceptionally strong EPH couplings, facilitating, for example,
predictions of potential manifestations of polaronic effects
[6]. In future work, it will be interesting to explore how cor-
relation effects beyond DFT-PBE affect the phonon-induced
band gap renormalization and the exciton binding energy [81].
Furthermore, the inclusion of nonadiabatic effects [14,54],
long-range Fröhlich couplings [20], tadpole self-energy cor-
rections [56,57], and anharmonicity [82–86], which are more
complex terms to be amenable to high-throughput machine
learning approaches, holds promise as topics of future re-
search. The results of the present study constitute an excellent
basis for achieving improved predictions in this respect.
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